AD-R194 290




™

» ‘l " 'l 'z ,'l _‘;_ . » 'Yt »

- AN

-

YL Y S

>

BTN PN i S

; 1.0 B B
= W u
; |} £ ® e
= |
flez 14 jlis
i
L
R

-

>
-
o
P
'
o
4
e
\

"a‘ LNy R Ny 1-..- - -~\!'--.5-,‘.-
47 -. N {. 0."&.'- X ‘ " ..l‘o .l..l. e

"™

-

rlvr\-"
N

AL '."'\ ESELCRUREG, el (T A o Y e \-1‘
o O O 0". Wlw RO RIS N IR N e




= W s N URBLE "WATEALAE e e T

AD-A194 290 _ LR Cup,

REPORT DOCUMENTATION PAGE

ta. REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE MARKINGS

INCVTASSTFIED
. 28. SECLRITY CLASSIFICATION AUTHORITY 3. DISTRIBUTION/AVAILABILITY OF AEPORT
NA Approved for Public Release; Distribution
20 DECLASSIFICATION.DCWNGRADING SCHEDULE Unlimited
NA
4. PERFCRMING ORGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBERI(S)
Technical Report No. 222 AFOSR-TR- 8 g§-0351
Sa NAME CF PERFORMING CRGANIZATION b OFFICE SYMBOL 7. NAME OF MONITORING ORGANIZATION

. . (if applicable)
Uuiversity of orth Carolina

AFOSR/NM
Sc. ADCRESS (City, State and ZIP Code) Tb. ADDRESS (City, State and ZIP Code)
Statistics Department Bldg. 410
CB #3260, Phillips Hall Bolling AFB, DC 20332-6448
Chapel Hill, NC 27599-3260
82. NAME OF FUNDING/SPONSORING 80. OFFICE SYMBOL |9. PROCUREMENT INSTRUMENT IOENTIFICATION NUMBER
CRGANIZATION (If applicable)
"AFOSR M F49620 85 C 0144
[o acomess (City. State and ZIP Code) 10. SOURCE OF FUNDING NOS.
Bldg. 410 PROGRAM PROJECT TASK WORK UNIT
Bolling AFB, DC ELEMENT NO. NO. %/ NO.
6.1102F 2304 Heave blnk

11. TITLE :Include Security Cicsaificatiqn) . N - -
lleak solution owaﬁé‘Tbngev1n Equation on a Generalized Functional Space

12. PERSONAL At,l'. HCRI(S)
\Mitoma, 1.

13a. TYPE OF REPORT . 136 TIME COVERED 14. DATE OF REPP T.(Yr. Mo., Day) 15. PAGE COUNT
preprint rrom_ 9/87 T0_9/88 Pe%ruar} Tol% 40
16. SULPPLEMENTARY NOTATION
N/A
17. CCSATI COCES 18. SUBJECT TERMS (Continue on reverse :'lnectuury and identify by bloch nym?cr) .
FIELD GROUP SUB. GA. Key words and plirases: Weak solutlonz Lengevin's equation,
XXX T XX KK Frechet derivative, generalized functional space, central
1imit theorem, lattice valued diffusion.
19. ASBSTRACT /Crntinie nn miase- . Zd - and identifv hv hlnck niumheri
Abstract. Let ¥'(Z ) be the Schwartz space of tempered distributions on the
. 1 d-dimensional lattice Zd and L*(t) the adjoint operator of L(t) which has a
formal expression:
' ® d 2 3 3
L(t) = 3 b (ai (t.x) '—2-+ bi (t.x) —).
i..4,,.... i == 3=1 °j ox J ox
1'7°2 d i i
J J
It is proven that the weak solution of a Langevin’s equation: fr'n\‘/

dX(t) = dw(t) + Lx(t)X(t)dt,

exists uniquely on a generalized functional space on ':f'(Zd) vhich is

20 DI3TA.BUTICN/AVAILABILITY OF A3STRACT 21. ABSTRACT SECURITY CLASSIFICATION
UNCLASSIFED/UNLIMITED R samE as ReT. (J oTic users O UNCLASSIFIED
22a. NAME OF RESPONSIBLE INDIVIDUAL 226 TELEPHCONE NUMBER 22c. OFFICE SYMBOL
f (Include Area Code)
\ta . R : 2* ]
Major Brian W. Woodruf . i (202)767-5026 AFOSR/NM
OD FORM 1473, 83 APR EDITION OF 1 JAN 73 1S OBSOLETE. UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAG™
- AT A m e _ - = - e oA I
o B T I - RN R 4 - . . . | 3
L ., . : - . ) l_’- -' ;e o . . -’ .. ’ 0, ” JI *.t' A £ ' * L9 \
8 . n . A p f J A h . A A A L B A N R R . »




Ty L B UTAW S IEAT, AT AN TR T F T FN@EFYTLELTTETTW " Wi/ I R Ty T " ares TFswvvreastyw ekl o T - W W .
a, . - T

SECURITY CLASSIFICATION OF THI1S PAGE

19, Abstract
appropriate for the central 1limit theorem of lattice valued diffusions.

v

s
ATNER

n
-
»

55
'l

<
3

{I.FH" .
s ‘ vﬂ :'

[

%
o
e

PR

L o

PN
»

*

"
s

v/-'-'t‘v

b TR

_/'

.1‘; T." "
ARRP SN

“Fa
.

-l ]
LR
P

<+

INCSE
A

L

] ."l.'.

Vo)

L]
<

ENEIRRRAY

Y

by
-

o &~
X
a

-
e
A

b

=X

L

Lol
f.". }- "n )c "‘ -

-,

e

SECURITY CLASSIFICATION OF THIS P
o : N v ) EEA i

.I' " "'.‘%)‘. \""."-, L -,.J-.'..'y ’-é,'ﬁr.‘,'& '-‘J‘A"-(‘m . 'v'q') L e Ve W E Ao W ) 9,99, .‘
/ WO IR e de )
‘,'I.!‘Q »W ..l‘.,- sl !_- . M S XS X0 ‘:‘!’ A5 N W GOON ..0'0.0'0..:".!'0“::!&':' U N 0!-".;'!?-"'

e e M e X K



AFOSR-TR- 88-0351
! CENTER FOR STOCHASTIC PROCESSES

Department of Statistics
University of North Carolina
Chapel Hill, North Carolina

Weak Solution of the Langevin Equation on a
Generalized Functional Space
by

Itaru Mitoma

Technical Report No. 222

February 1988

....................................
..........

.................

-----
- .
.....

e WP\, WS



‘18 “1UN 'SUOIIVWIOjSURIY I[QRINSTUAW O) UO[SUIIXI
1131 puw swaiqoud Iweujf pesod-[[} 10j suojinfos BufidI[}} d1IsEYS01§ ‘'wloBrug ‘¥

‘18 ey ‘(eaB8a1ul JIuIry ardii(na a3 uo iewdy ‘wioldyig ‘Y

‘18 YR4Ey 'SPl wopuws AIGuojimis
1a1amind oMl jo 109yl uojidfpaid Y UQ ‘(EAIN H PUW WY ‘H'Y ‘Jnduwpr(ey ‘o

‘18 Y24 ‘$9583201d 2[qers [RuolIDdWL} 3o 'Ivwaldp 4 puv wuifdEy N ‘wieyesey ‘X
‘18 "q34 ‘sueld ayi uj sassadoud jujod 'yowqzidg '3

*18 "ddy ‘sorudujpiiem
paniea a0uds 18d[InU £Q UIATJIP UOTIN[OAD I}ISVYDOLS 'NAIQY-ZI1ad A puw Jnduwp[iey ')

‘98 29 'SI[qejimA mopuvl

[wuoB0y110 Jo sAeiiw 10} siaqunu aBrey jo savy Buong ‘lorke] T'Y puw zdfJoW ‘4 -

‘gg 'd9( 'SUOIIB[[[JS0 POYOIOHS-K 10j spunoq K3j[jquqosg ‘nbbul ‘S N puw weiAy 4 °

‘g8 "0 "SUOLIWIT ID[AIIS

juapuadap 10) Burinos ananb 1s3rioys o L1j(wsiidg '0z0jIdG "4 Y PUW YITUI¥ Y

- Jeadde
031 *A1115QUQold ‘uuy ‘98 I ‘SP(ITJ I[qUIS g-xIpu] jo sIjisadord [wo ‘umjoN ‘[

‘g8 'O¥] ‘s$[wiBajuj Jauayy Ifdiifrw Aq pejuasaiadags
sassad0id IV[(@[S—J[IS jO SEBV[D W 10j sivw]isd dA) [[eZIuay-ul[plalg ‘uwipepo) H

-1eedde 03 ‘82isdy4 "isjIAIS
‘[ "g8 '3 'sIssavoud uojlurodiad @ip-Z 105 IZIs 1Aisn[d [W21dlL ‘ulknIN ‘D'd

98

"AON ‘1IAFIDIL UOFIW[Npow AduInbalj [(W11BIp B uj uopInQiIISEp Iswyq ‘[eqdu) T°T

‘g8 "33 ‘VIBp IdDUBIVA
U U YI|A SI01BW]ISI UO[SSIIBIL sa1mbs 1sw2] 10j Adudisfsuo) ‘(D "H'd'd

‘g8 “AON ‘aatidadsiad 30UIBiIAUOD Heom B-K103Yy) Buissold uy SPIIty [IPOW ‘uos(ig (Y

‘teadde 01 °-[euy IvpIRAJI[NK

‘[ 'o8 ‘Aoy 'sidonpoid ;o sums Ol JO UOTIDBIIIE I[qES urof ‘auy[d "H'4e4'ad

‘g8 A0y ‘UOJ1IB[I1 § [BAISIR]
pue s307i1wa z)}[d30] "83[QV[IVA WOPUBL UBISSNE) U} SWI0j JVIUF[[O uQ ‘WBIAY ]

‘g8 "AON ‘SMOFIJUNJ [WAJALNS 3yl JO S10l@wi1sSd Jjuwif 10nposd uo paseq wajqoud
s}SA[WUe [@AjAINS Idwes-0Oml Yl 10 $I1IST1V1S "Buywdfq Y L PU¥ URAL[[NS,0 W

‘98 CAON ‘Siuawa[d wopued juapuadapuj
IS{MMOl 10 sA®iIw 10] siaqunu dBiw] jo saw[ Buoiig ‘ny ‘D~ | puw sorkey Ty

-sywadde o3 ‘uopiezjuwpidg Yiel [(ddy ‘gg 120
‘h10ay1 BuUIIA[1§ 01 suojedf{dda s1] puw B[nWIo} dwj-uruuAdf Y1 UQ sEfjpusiey 1Y

Gbe-17Z ‘1861 'Sl ‘uopiwziwiidg wiey [ddy ‘g8 100 ‘ss230:d 13uafp pan(ua adeds
lea[dnu @ jO S[WIO{1I8i) 1wauj[uou puwd stes8a1up Oy1sTYD0Is AN [NW TNIIQY-ZII A

‘081

‘6L1

‘8L1

LT

‘oLt

"SLt

VAL

‘oLt

691

L9t

‘991

€91

Z91

191

9t

rJuadde 031 ‘13Bujidg ‘suojiwojiddy B Li0ay] [0 Ju0) DIISBYDO0IS
‘swalsAg [9JIUILFF1 D1ISTY201S uo doys)ioy ‘D014 28 ULl ‘$3ss..d0id DJiseyd0ls

[euvjsuamip 3 TUljul 10j wa{qosd Bupal[lj YL ‘Jwfjpuesey 1Y Pre andueprey ‘9

‘9867 ‘suoliwdiiddy s3] 3 ‘yiey jo "Isul ‘g ‘1050 ‘suojieajidde

2uWos Yiya sadeds 1vI[ONU JO S{UNP U] SUOTIENDI [VIIUIIIFFIP 2FISEYD01¢ ‘unduwif(e)y o -

‘GRI~QI1 ‘1861 ‘19Bujids ‘0L ‘sojivwayimuwolg
U} €I0N INIJIFT *"SPd ‘(¥ 12 wunmly ‘j ‘ABo[olg Uy SPOYII{ D1ISEYD01S ‘98

‘300 '9[IPOW [WUOINIU DFISEYDI0I® JO DUIFivauco ¥eay ‘i1iadjoy Y pru undueprrey 9 -

1861 ‘6F ‘SIISAYd Ispinis ‘f ‘o8

-3dag ‘uopITpUOd I[BuwiLl YIfa $385300.1d uopie[odiad 10 siuauodxd Jun uaknBy H'g -

‘g8 i1dag ‘swaishs [/W/19 PUB [/D/W UT SYi1BuI] ananb jOo sInjEA WIAIIXT 'OZOJIIG {¥F

‘g "1dag “sosjpAlod u} swaioayil Buprineg o AIIPI(RA Yl u) 'JIeNIIpuEy

‘98 “1des
'§3s53004d UBISSNE) JO SISSB[I MOS J0j A1JNUTIUOD O J[NPOW [BD0] ' Lysijuposowes "9

‘9861 ‘1uUIYsuL ‘A32700§ j[[nouzdg SYr jO §sIsJu0) pliog 13414 Y1 10j sBuppaadosd
‘g8 "1dag ‘sassadoid jujod uj BUIUCTIFPUOD O K109 () Yl U) ‘BiAQUI (WY O

r1eadde 01 ;861 "AIpriceqorg ‘1ddy Capy
‘gg "1dag ‘sindul wopues jo L1711QUIs Iyl dalasaid YDIym SI3I[1j WOpuey ‘Siueque) ‘S

‘readdu 03 ‘sp[aj4 pIie[dY puw A103y] ‘qoid ‘gg "idag

*s3ss2004d jurod DUEPIIIND JOJ SITWIT 'JIISQPRF] Y W PUY ‘JId[sny [ ‘Buysy ‘[ -

- readde

01 ‘f1yr1iqeqold "uuy ‘98 ‘Bny ‘S8IssI0IC uBisSNY) JO LIjnURIuoy .{ysijupoiowreg ‘9

“e8 Bny
'S3D]11W[- WIS SNONUFIUCD UO sIinseaw A1[[iqeqold jo IdUISIXd 3y uQ ‘Biaqioy |

‘€6Z-€82 /861 ‘gll "uoliwiq A punog [ 9§
K[ ‘opamy 2110) Aq ssId>0id UBISSNED W jO WwhwxTw Yl JO TOJINGI1IISY, ‘1djOsey W'Y

‘desdde 01 'spy j4 [ay -10ay|
‘quqold ‘g8 AIn[ "ABiaud 391j uoyiw[odiad Yyl JO wiojiuwIl L3Jin] ‘uMMnBy o g

- 1eadde
o1 ‘uoniwziwildg “yiey “tddy ‘g8 A[n[ "2duds swaionu 113qlIYH A[qe.unod @ jo [enp
31 UO S3IN[RA YITA sUOIIWND2 UOIINTOAI D]ISVYD0IG 'NIIQY-ZR13d A PUs andumppiey o

“awaddw 03 " shy4 "1 s g8 Aol
'53552501d uojle(0o1ad 10j sijuauodxad [BOF1143 s1T puw YIBUI[ uojIv[AII ) udknBy 5 g

‘g8 Al "AipliqesBueyoxa 21wjivAlq Uf SUO}1BIUISI. dI1 Mau wog ‘Biaquaijey ¢

‘o8 Aol
‘s$3[18§3e1s D1l112umAy 403 I[didoutid HTUYIIRAUG PUR WIICIYL JIWI] B 14y CISYILIPUVE A

GhL-€PL .61 61 quqedd

jddy -apy ‘98 A1n[ 'ssadoud asyou loys v Aq sBujssordr jo A1isudiup oy ug Ruisy |

€C1

AN

SE T

Skl

1

ekl



v L I I R I A R R T AT E AN I T N N s F U N T WO WU WENWTTETORT Bdaf el ol A2 ol 4oy 4 U A i 4 L'n SVi 2ia a2 b Aia A aa-Ah Al Akt MRl et tok 38 So8 B
.

I{ "
P,

Z

&

Ve @
& -",f.qﬂ

sf&
LSRN

i

Weak Solution of the Langevin Equation on a

Generalized Functional Space _Accession For

! NTIS GRA&I

DTIC TAB

” Unannounceq

Itaru Mitoma Justification
Department of Mathematics
Hokkaido University By

Sapporo 060 Japan Distribution/

Availability Codes
Avall and/or
Center for Stochastic Processes Dist Special
Department of Statistics

University of North Carolina at Chapel Hill
Chapel Hill, NC 27599-3260, U.S.A. ﬂ:l

and

Abstract. Let 9‘(Zd) be the Schwartz space of tempered distributions on the
d-dimensional lattice Zd and L*(t) the adjoint operator of L(t) which has a

formal expression:
© d
L(t) = 3 b (a (¢, x) + bi (t.x)
11.12.....id——°° Jj=1 J axij j axij

}.

It is proven that the weak solution of a Langevin's equation:

dX(t) = dW(t) + L»(t)X(t)dt,

exists uniquely on a generalized functional space on 9'(Zd) which is

appropriate for the central limit theorem of lattice valued diffusions.

Key words and phrases: Weak solution, langevin's equation, Fréchet derivative,

generalized functional space. central limit theorem, lattice valued diffusion.
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81. Introduction
Recently Deuschel [4] has obtained a fluctuation result for a system of
lattice valued diffusion processes. The result is similar to that for i
mean-field interacting diffusion particles [2], [3]. [8]. [9]. [15]. [22].
However the identification problem of limit measures he treated leads us

to discuss the uniqueness for weak solutions of the Langevin equation:
dX(t) = dW(t) + L¥(t)X(t)at.

where W(t) is a generalized functional space valued Brownian motion and L*(t)

is the adjoint operator of L{t) which has a formal expression:

-] 62 ©
L(t) = 3 a (t x) —=+ 3 b (t x)
jz—o 1 x> g | ax

1

The aim of this paper is to find a suitable space EE. of smooth
functionals on the dual nuclear space E' and to solve the Langevin equation on
the dual space @é.

empirical distributions of the system of lattice valued diffusion processes.

, which is appropriate for the central limit theorem of

G SRRReRs

»

This application is another approach to his problem [4].

S

A

We will proceed to explain the setting: A stochastic process XF(t)

-,/
A}

defined on a complete probability space (2.%,P) indexed by elements in @E' is

I ‘{
@y

called a ¢ (%E.)—process if XF(t) is a real stochastic process for any fixed

v, 4
A\

Fe€a, and X o 50(t) =

and elements of F,G € %E' and further E[XF(t)z] is continuous on @E. [10].

aXF(t) + BXG(t) almost surely for each real numbers a.f

xlll
PR

o

XF(t) is called continuous if lim E[(XF(t)—XF(s))z] = 0 for each F € @E.. Let
t-s

@

WF(t) be a Wiener %(@E.)-process such that for any fixed F € 2., WF(t) is a

real continuous Gaussian additive process with mean O.

W m N ol o Wy
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2 I
We will prove that a continuous Q(EE.)-process solution XF(t) for the
following equation uniquely exists in the case where E' is the space 9‘(Zd) of

tempered distributions on the d-dimensional lattice, (Theorem):
(1.1) dXF(t) = dWF(t) + XL(t)F(t)dt. |

Roughly speaking. if L(t) generates the strongly continuous Kolmogorov
evolution operator U(t,s) from @E. into itself, the unique solution for (1.1)

can be given as follows:

Xp(t) = Xy(¢,0yp(0) + ¥p(t) + 5o YL (s)u(e,s)r(s)ds.

We will now begin by giving the precise definitions of the operator L(t)

and the space %E.. Let E be a nuclear Fréchet space whose topology is defined

by an increasing sequence of Hilbertian sem-norms II°|I1 < H-H2£....$H-Hp...

As usual let E' be the dual space, Ep the completion of E by the p-th semi-norm ‘
1
H-Hp and Eﬁ the dual space of Ep' Then we have ‘
|
|

[+ [+ ]
E=n and E' =UE'.
p=0 p=0 P

Let K be a separable Hilbert space with norm H-HK and F a mapping from E°
into K. Then F is said to be E'-Fréchet differentiable if for every x € E'. we

have a bounded linear operator %pF(x) from Eé into K such that

F(x+th) - F(x)
t

lim

9 F(x)(h) in K.
t=0 P

Suppose that F is Eﬁ—Fréchet differentiable for every integer p > O. Then

«© |
taking E' = U E' and the strong topology of E' is equivalent to the inductive :
p=0
limit topology of Eé: p=0.1.2,..., into account, we have a continuous linear

operator DF(x) from E' equipped with the strong topology into K such that for

ax

‘I‘.l l’l h""\}

L8

)

....................

----------
...................
------



any integer p 2 0, DF(x)(h) = EpF(x)(h) for h € Eﬁ. Hence, if F is n-times
E'-Fréchet differentiable for every integer p 2 0., we have a continuous

n-linear operator DnF(x) from E'XE'x...xE' into K such that the restriction of
n-times

n o . _ s n
D F(x) on prpr...pr = the n-th Ep Fréchet derivative EPF(x)(El.fz....,fn),

n-time

Ei € E'. Then if F is infinitely many times Eé-Fréchet differentiable for

every integer p 2> O, the Hilbert-Schmidt norm

2,172

uDPF () 1{P) = (3 uD"F () (h{P) n{PY n{Pyu2)

11.12.....in=1 1 2 n

is finite for each integer n 2 1 and p > O, where (hgp)) is a C.O.N.S.,
(complete orthonormal system), in Eﬁ [13].

From now on, we will often use the conventional notation such that
uDOF(x)u}({f’; = IF(x)l, .

Let B(t) be the standard E‘'-Wiener process such that for any § € E,
<{B(t).£> is a 1-dimensional Brownian motion, with variance
E[<B(t).£>°] = tIENZ, where <x.E>. (x € E', § € E). denotes the canonical
bilinear form on E' x E.

Without loss of generality, we assume B(t) is an Ei—valued Wiener process |

throughout this paper, [16], [17].

@ Definition of L(t). Let A(t,x) and B(t,+) be continuous mappings from E'
into itself such that the following conditions are satisfied.

(H1) There exists a natural number Py such that A(t.x) maps Ei into Eé .
0

8 1] o o ) -
li" W s'j- .'_k.’}."‘l

el @

B(t,+) maps E' into Eﬁ and for each T > O,
0]

5-‘ ". PR

sup '\(t.x)lz (o and sup IB(t,x)lII__ < =,
X€E’ X€E’ Po
0<t«T 0<t<T

v ¥

'.‘-‘"
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4

o
vwhere II-II_p denotes the dual norm of E]') and h(t.x)g = 3 IIA(t.x)h.(].o)ll?p .

J=1 0
(H2) A(t.x) and B(t.x) are infinitely many times Eé-Fréchet
differentiable for every integer p 2 O such that for any T > O,
sup ID"(t.x)P) <@ and  sup ID"B(t.x)I{P) < o,
, H.S. . H.S.
X€E X€E
0<t<T 0<tT
- 172
where IIDnA(t.x)II(p) =( 2 ')nA(t.x)(h(p) ‘h(P) o 'h(P) é) and
H.S. L . i i i
i, i5,..., i =1 1 2 n
1'°2 n
«
ID"B(t. )Pl = (3 IDPB(e.x)(n(P) m(P) . p(P)y2 4172,
H.S. .. . i 1 i -p
PR PYRRR i =1 1 2 n ¢

(H3) For any integer n 2 O and any T > O, there exist A(n,P,T) > O and

Al(n.p.T) > 0 such that

sup max{HDkA(t.x)—DkA(s,x)Hép% .HDkB(t,x) - DkB(s.x)HE S }
€E"’ .S. .S.
Ozkgn
¢ A (n.p.T) le-s|M™PT) 6 ¢ 56 ¢ T,

Then for any two times Eé—Fréchet differentiable real valued function F on E’

for every p 2 0, we put

(L(t)F)(x) = 5 trace ; D°F(x) o [A(t.x) x A(t.x)] + DF(x)(B(t.x)).
0

where DF(x) © [A(t.x) x A(t.x)](E;.£,) = DF(x)(A(t.x)E . A(t.x)E,) for any
§1,§2 € E'.

Definition of Space @E" We define the space %E. as a collection of all
real valued functionals F on E' such that F is infinitely many times E]:')—Fréchct
differentiable for every integer p » 0 and further the space 9., is a complete

E

separable metric space metrized by the following semi-norms:

LI P P I R - a - - AT W et r .
TN A A S R S AR SR
y > N} i [ ) ) "-}.\(}‘I Jﬁ ‘K((h ¥4

' ‘ "
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n
WP =3 nFu(“k . Fea,,
P.q. k=0 P.

where p 2 P+ 4 2 0and n 2 O are integers and
=lixll
nenla) - sup e —pMDnF(x)Héq%
pP. x€E* .S,
p
Before proceeding to the discussions of the equation (1.1), we will give some
remarks on Wiener Y(@E.)—process. Taking the continuities of WF(t) and

E[WF(t)2] with respect to the parameters t and F into account, we have that

sup E[WF(t)z] { ® and sup E[WF(t)ZJ is lower semi-continuous on @E' . Since
0<t<T 0<tST

@E. is a complete metric space, by the Banach-Steinhaus theorem we have some

positive integers P9y and m such that
(1.2) sup E[W(t)?] < C (T)NFN>
0¢t<T Py-Qqp-my-

Here and in the sequel, we denote positive constants by Ci or, if
necessary, by Ci(Tl.T2....). i=1,2,..., in the case where they depend on the
parameters T,,T,....

Now given a functional Vt(F) such that it is positive definite quadratic
form on Z_. x @E" increasing and continuous in t and

E

sup V_(F) ¢ C2(T)lIFIl2 for some natural numbers p, q and n, we can
0¢t<T * p.q.n

construct a @E.—indexed Gaussian mean-zero continuous process WF(t) with
independent increments and variance Vt(F) by the Kolmogorov theorem, since
vtAs(F) is positive definite quadratic form with respect to (t,F), t € [0,®),

F € EE. . Here t A s = min {t,s}.

82. Existence and Uniqueness for solutions of the Langevin equation
Let g t(x) be a solution of the following stochastic differential

equation:
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6

ng ¢(x) = x + ST A(t.ng (x))dB(r) + S B(r.ng  (x))dr.

where B(t) is the standard E'-Wiener process. By the assumptions (Hl1) and
(H2), if p 2 Py and x € Eﬁ. then the solution of the above equation is uniquely
obtained by the usual method of successive approximations in Eﬁ.

We will assume the following condition:

E
Let WF(t), F € EE. be the Wiener Q(ﬁE.)—process and L(t) a diffusion

(H4) (L(t)F)(x) and (U(t.s)F)(x) = E[F(n_ (x))] € 8. if Feg,

operator defined before. Then we will prove

Proposition 1. Under the assumptions (H1)-(H4) the continuous Q(@E.)—process

24
1<

solution of (1.1) such that for some O<all, E[IXF(O) { ® is uniquely given

as follows:

Xp(t) = Xy, 0)p(0) + ¥p(t) + féwL(s)U(t.s)F(s)ds'

Proof. Under the assumptions (H1)-(H4), L(t) is a continuous linear
operator from %E, into itself and we can get the following lemma which will be

proved later.

Lemma 1. Suppose that the conditions (H1)-(H4) hold. Then L(t) generates

the Kolmogorov evolution operator U{t,s) from %E. into itself such that

(1) U(t,s) is a continuous linear operator from EE' into itslef,
(2) for any F € @E.. U(t.s)F is continuous from {(t,s): O¢s<{t} into %E"
(3) U(t,t) = U(s,s) = identity operator,

(9 FU(c.o)F

U(t.s)L{t)F, 0 { s ¢ t on @E..

-L(s)U(t.s)F, 0¢s<t, t>0 on @E'

(5)  SU(t.s)F

Further for any integers p2p.. 920, n20, Jj21 and any T>0 and F € 9_,, we have
0 E

L g _.v/'.* "
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N
Y
o
‘<
w 7
DA "e'VF - 2] e |d et |d
;. (2.1) WU(c',s')F U(t.s)Fllp q.n $ c3(T.F.p.q,n)(|t t'|? + |s-s' |9},
'{;{ 0¢{s,t,s', t' <T.
(‘ i
N
':3 First we will guarantee the well-definedness of the integral in
u:,,‘n 1
s - : . . |
}:; Proposition 1 by showing that for any fixed F € %E., wL(s)U(t.s)F(S) is
v continuous in (t.s). Since WF(t) is a Gaussian additive process with mean O
o
o and variance Vt(F), we get for any integer n > 1,
k-
::::: 2n n
) (2.2)  E[IW(t,) - We(ty) %M ¢ CoT(V, (=¥, (A7 0 C ety < T.
\l‘.
'Cj' We choose an integer k 2 4 such that 2kk(m1.q1.T) > 2, where m and q are the
gy
~"
:«i numbers which appeared in (1.2) and A(ml.ql.T) is the number in (H3). For
LS
._ 0 {s,t,s",t" {T, the inequalitics (2.1) and (2.2) yield, together with (H3),
)
o
H.':-.' ' _ 2k
._-\ (2.3) E(le(s)(t,s)F(s ) wL(S)U(t.S)F(S)I ]
-
o
( < C(THV,. (L(s)U(t.5)F) - V_(L(s)U(t.s)F))¥
ffj and
- oy .y 12k
o (2.4) LI (s yuer. s )FCS D) ML(syu(e. s)p(3 ) 17)
2 e ok
%;f < CS(T)“L(S JU(t',s')F - l_(s)U(t,s)FIlpl'ql'ml
(-
o . 2k Co 2k
T < C7(T){lIU(t ,s')F U(t's)Fllpl.ql.m1+l+ n(e',s")F U(t.S)Fllpl'ql'm1+2
L
! 2KA( T)
b m,.qy.
::'-' + |s'_s 1 1 }
CN
-?_:J
G
AN/ 2kA(m..q,.T)
0. . NG T e L P L A
'-':'\'
- The inequalities (2.3) and (2.4) are sufficient for the condition of the
D) ’,'
..
:;E‘ Kolmogorov-Totoki criterion [24] for continuity in (t,s). Further the

Y e 2

continuity of wL(s)U(t,s)L(t)F(s) in (t,s) can be proved similarly.

Chet ]
I




r 3
d
]
t

o
Yol |
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o
:'_:-::: Now we will proceed to the proof of the existence of solutions for (1.1).
1:\-
‘Lb Taking the relation U(t,s)F = F + f:U(T.S)L(T)FdT. the continuity of
e : . . 2_ S ‘
:~:_ wL(S)U(T,S)L(T)F(S) in 7, the linearity of W _(s) and the L"-continuity of |
ol
? W _(s). into account, we have |
Ny j
g w (s) =W (s) + W (s)
e L(s)U(t.s)F L(s)F L(s)J{U(.s)L(7)Fdr
- - t
5 = YL(o)F(®) ISt ()ucr,syL(np(eT
so that by making use of the continuity of WL(S)U(T s)L(T)F(S) in (7.,s) again, ‘
S ' !
_ﬁ:::: we get 3
_.-«_:: t \
- (2.5) So%L(syu(e,s)F(s)ds |
0} |
T = f‘w (s)ds + j't(j'tw (s)dr)ds |
i O'L(s)F O0'\s L(s)U(T.s)L(T)F ]‘
:~ = f(t)WL F(s)ds + f(t)(.f(T)WL U L F(s)ds)d'r J‘
-. (s) (s)U(7.s)L(T) !
S = Fo(W (1) + SW (s)ds)dr
o O‘\'L(T)F O"L(s)U(7.s)L(7)F
'I:Z'_: t
= JoXL(r)F(M) = Xy(r,0yL (0N
J
-r Combining the L2—continuity of XF(O) in the definition of 3’(@E,)—process and
DA,
":;.f the Jensen inequality such that E[IXF(O)|2+a] < E[ ,XF(O)I2]a. we get that
toalud E[IXF(0)|2+a] is continuous in ﬂ)E.. Hence there exist some positive integers
} -.l
;N: P, 2 Py 9o and m,, such that
\-b
N
o
R 6 0)12*%7 < cnFite
s (2.6) ELXp(0) %] € CUFu*e o .
Q.-
L) L.
';': Therefore the Kolmogorov criterion for continuity. together with the
AL
:::-: inequalities (2.1) in Lemma 1 and (2.6)., gives the continuity of
N
<y
X XU(T.O)L(‘T)F(O) in 7. Thus we get
N
N
+
R
MG
0
Pt
R At e N e s s S o e ™ o
A SR o J',vu’_,r,\f\.fwl‘» .'. .r ...‘ » ~.)- gl _ﬂ: ) 'f .‘ )\'.;\:‘.:*;\f.‘J\f,'f "‘5‘-'. _\{_‘i
r ,. ;’l, ) .t'.’.'t‘.'-'!‘:’l,;' NN Ty .l'l,o‘a;’ié-... ‘!...i. ‘c.l,. 0,.". ., .. .-0'-.. N ) l.g'l..l.l ., .0‘
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t
(2.7) JoXu(r.0)L()FL®ET = Xy, 0)p(0) = Xp(0):

The equalities (2.5) and (2.7) mean that XF(t) is a solution of the Langevin

[

v

NS

equation (1.1).
Following H. Komatsu [11], we will prove the uniqueness of L2—continuous
solutions for the equation (1.1). Let Yl(t.F) and Y2(t.F) be the two

continuous ¥(Z.,)-process solutions for the equation (1.1). First we remark by

£)

the Baire category theorem that for each T > O, we have some natural number
P 2 Py-93 and my such that

2
(2.8) max  sup E[Y,(t.F)7] ¢ CIO(T)HFHP

i=1,2 0<t<T 3:93:M3

Define v(t,F) = Yl(t.F) - Y2(t.F). Then for any a > O, we will prove %?
E[v(t,U(a,t)F)2] =0 for t € (0,a]). The inequality (2.8) and the strong

continuity of U(t,s), ((2) in Lemma 1), yield

2 _ v(t.U(a.t)Flg1]

s -t

[ [1(5.U(a. 5)F)

< C11(T'F) E[(V(S-U(a'5)2):V£t.U(aL£)Fl)2]1/2. s.t € (0,a] C [0.T].

The inequality (2.8) and the strong continuities of L({t) and U(t,s) imply that

(2.9)  1im [ U@ OF) - V(60 OF) (¢ 1(t)u(a. t)F)|*] = O.

st
By the strong continuity of U(t.s), we get similarly

v(s,.[U{a,s) - U(a,t)]IF) - v(t.[U(a.s) - U(a,t)]F)

s -t

(2.10) lim E[ |

s-3t

- v(t.L(t)[U(a.s) - U(a.t)IF)|%] = O.

Since L(t) generates the Kolmogorov evolution operator U(t,s), we have
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lim E[ |v(t.L(t)U(a.s)F) - v(t.L(t)U(a,t)F)|?] =
st

lim E[ [v(t.L(t)U(a. O)F) + v(r,H2:5)= H(a")F)Izl =0

st
so that we get

v(t,U(a,s)F) - v(t,U(a, t)F)I ] =

(2.11) g

lim E[ |v(t.L(t)U(a.s)F) +
s-t

Summing up the inequalities (2.9), (2.10) and (2.11), we get the desired

Hence E[v(t.U(a.t)F)2]

Then letting

[

equality claimed before. constant.

0. we have the constant = 0. Taking the equalities E[v(t.U(a,t)F)z] =

i}

E[(v(t.F) + v(t,[U(a,t) - U(a.a)]F))z] and lim E[v(t.[U(a,t) - U(a.a)]F)2]
t-a

into account, we have E[v(a.F)z] = 0 for any a > O, which implies v(a,F) =

almost surely. Thus the proof is completed.

§3. Proof of Lemma 1.
Following [19]., [20]. we will treat the generation problem via stochastic
method.

For any F in @E.. we recall the definition of U(t,s):

(U(t.s)F)(x) NEINE

To examine that U(t,s) is the evolution operator stated in Lemma 1,

= E[F(ng
we

will check some regularities and integrabilities for ng t(x). It is obvious

that if p 2 Py and x € Ep' n t(x) € Ep. so that for h € Ep4’ n t(x+h) € Ep5
where P; = P v Py Here a V b = max{a.b}. Following Kunita (p. 219 of [12]).
we will show that fs‘t(T) = %{ns't(x+7h) - ns't(x)) has a continuous extension

Y
Pg

following Kolmogorov-Totoki criterion for continuity [24].

at 7T = 0 for any s.t a.s. in This can be proved by appealing the

R R R e ::"b‘“?u‘\xv i
..I - - '.- " .t - L] ™ - " ey X ‘- "‘ . - A“
R e N R LR OV G \’x}-ﬁxjh -{\*x SOOI Oy ‘\ i )‘\‘\ O
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Lemma 2. For any T>O and any integer j 2 1, we have
L] 2 L] , ,
E[NE, (7) - §,. o (7 )u_gsl ¢ Co(Th){[ss" 3 + [& - ¢ Palr-r- |3y,
0¢s,s',t,t', 7,7 {T.

| Proof. First we will show that following Burkholder's inequality. Let
& A(r) be a well measurable random linear operator from Ei to El') such that
| LI o
-“' )
e E[J‘; h(r) Edr] < 4o, Then we have

Lh
- Lemma 3. For any integer j 2 1,
»
Co

" t 2j t J
S ELISEAC)B(r)ITY < )3 (a)EL (S, Ihcr) Bar) ).

o

. Proof. Let (+,*) be the inner product in E' such that

. po po

" (x.x)_ = IleI2 . Setting 6(x) = (x.x)‘j and y(t) = ftA(r)dB(r) and applying
- Po “Po Po S
: the Ito formula, (Kuo [14])., for 8(y(t)). we get
o (3.1) Ely ()2 1 = LE erace. D20(y(r))o[A(r)xA(r)]dr]

- Pyt 277s TEy

[eod

‘ 1..rt 2. . 0),2 2(j-2

N = Bt s 2500 ) AemPHZ) iy ()i )

- i=1 0 0

>
B :
- + 251A(r)n{O2 ny (r)n27ar7

@ po po
s,
A

. . 2(j-1
Y < (5+23(3-1)ELSE R(r) By ()2 ar).

e S po
L

‘ By Holder's inequality and the martingale inequality, the right hand side of
- (3.1) is dominated by
o
L <

j 1/

% (3+25(3-1))EL sup y(r)n2d ]j V3gr(st h(r) Barydr?

4 s{rqt
v

5
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which completes the proof of Lemma 3. u]

Now for the convenience of notations we will write dt = dBo(t),

dB(t) = dB (t). Ay(t.x) = B(t.x), A (t.x) = A(t.x), m-mo=ll-ll_po and mem = I |2.

Without loss of generality, we may assume O { s {( s' ¢ t < t' {T. Then

§, (1) - .. (7') is a sum of the following terms:
(3.2) 2 I3 UPAr.C Ty (Eg L(7))dy)dB, ().
where £ (7.y) = n . (x) + y(ng (x+th) - n_ (x)).
(3.3) 2 P DA (. C (T¥)(E, (7)) ;

DA (r O (T ¥))(E,. (T7))}y)dB,(r).

By Lemma 3 and the assumption (H2), the expectation of the 2.]'t"h power of the

H-H_p -norm of (3.2) is dominated by
5

"Jn s' rl 2 j
i Ciq 2 ELU g WPA(rLy (3D (Eg (T))dy wdr)’]
o
N . i-1.rps' 2j
e <C.. 32 |s'-s|I7TELSS N 1< drj.
. Cp5 2 |s'-s|°"ELSg VE, L(7) “p "]
'.-‘{
:Ej Again using Lemma 3, assumption (H2) and the Gronwall lemma, we have
2
_ 2j _on2d .
(3.4) E[Hns‘t(x) ns.t(Y)"—pSJ < C16Hx yH_pS, X,y € Eps.
which implies
s’ 2j 2] .
(3.5) E[J, Hfs'r(r)n_psdr] < Cle"h"-p5'5 s|.

Since the integrand in (3.3)




13
= S DA(r.O, (ry))(E, (7) - B (T'))dy
+ 5L PP (rg o (T y I, () - G )y (E. (T,

where v . (7T.7'.y;) =L . (rhy) +y (€ (Ty) - L. ((77.y)), the

I-Mk-norm of the integrand is dominated by

(3.6) C17 (nfs,r(T) - Es'.r(T')"—p5+("ns,r(x) - ns'.r(x)"—ps

+ "ns.r(X+Th) - ns'.r(X+T.h)"—p5)"§s'.r(T.)"-pS}'

By Lemma 3 and (3.6), the expectation of the 2j-th power of H'H_p -norm of
5

(3.3) is dominated by

(3.7) Cg{SL.E[NE, (v) - Es.‘r(T)H?gs]dr

+ f;.E[Hns.r(x) - ns.'r(x)nfg5]1/2E[H§s.'r(T)"fgs]1/2dr

172

+ I;.E["ns'r(X+Th) - "s-.r<x+7'h’"f§511’2E["fs-,r(T'>"3351 dr}.

From the assumptions (Hl1) and (H2), we get
WAL (rong (X)) - A (rang. L (x7))m < Ciomg (x) - ns-'t-(X')"_p5

and taking the expectations of the 2n-th power of both sides of H-H_p -norm of
5

the following inequality;

el

Ing (%) - ns.'t.(x')u_p5 < "i f:'Ak(r.ns‘r(x))dpk(r)u_p5

A A
FREAREAAR

+ "i f:‘Ak(r'ns'.r(x.))dﬁk(r)"-ps * "i f;.(Ak(r.ns'r(x))

C S S S Gl G T T A TR AT e W T T T AT w” AN a -, . PRI L) - - ENE L - J
A N S T A R B TG s
4 A\ W S X - AT TS T I VR Y A e SR VRS WA LA LR RS,
Wi NP R UARRCLEt SOt \*ﬁ*\“i;{$553'§$ ’\i RSN

' Nkht'itiaﬂXhK& OGP Y e 3SR
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we have, by Lemma 3, similarly
vy 2N
Efing (x) - n,. [.(x )"_p5]
o < Cop(M{le-t" [P+ [s=s* ™ + I;E[Hns'r(x)—ns.'r(x')Hggs]dr}.

()

‘ Noticing that Ng r(x) = 7. r(ns s.(x)) and Ny r(.) is independent of 1 s

and using (3.4)., we get

L4
.l 'l

..

BLing () = e (05 3= Sgo Elln. (). (I TR(ng . (x)<ey)

’ ps

I‘J“’

L]
.

- e -

. -
SIS 1

-

<Jp. C ny—x'u2n P(n_ _.(x) € dy)
21 P s,s
Py 5

y Ty e

Pl
Ho N

2n

= C21E[llr,s's.(x) - x'Il_ps]

P
A
2
1

2n

Do |s-s|™y,
Pg

LA
I

Coo{lix=x"1l

KRARES
""r.‘? y

where P(+) denotes the fundamental probability measure associated with B(t).

‘;5 C

545

Hence we obtain

Y
-,‘

ORY

2n

}.

vyl I T 1My llvm *
(3.8) E[img (x) - ng. . (x )u_p5 < C23(T)(|t—t |7+ ]s=s" | +lix-x"1l .

s

Combining (3.2), (3.3). (3.4). (3.5), (3.7) and (3.8). we have

- o e . >

308
% A

a2
. ELIE, (1) = £, (715 ]

2j
-pg

-, . .
s < Co (T2 (Je-t 1 & |s=s' |3 + Jr-r |Zimn3d y.
24 ~Pg

t, This completes the proof of Lemma 2. 0

b A

-

(.sré. 53

T e P e e e '-._-‘.- Al AT AN AT At Ay T et ¥ o L Tt T ¥ Ug® Uo¥ - g ; Lot LT L
'i‘..r,_f_.f}.l._.(_'.r__x‘ﬂ.-,",‘ ,.r_‘.'"\l,'-:‘\-f‘.'f. : N 5_._.:-..}# ;..-\.' \":"«. J".(':fi { H"é' }\ AT \Q\ ,_h )
‘ ol R \ e ""M‘"’h it N ' )

» %,0%, 0%, 8%,V 0 0, ) : O

& N




R Crrtry

£t B U A Y 5

. -
LS v g e

F

Ll

ot

PLPPLEGIWRE

)
1
{
$

.........

15

Let ¥ tend to O, we have for each x € Eﬁ.
(3.9)  Dug (()(8) = b+ 2 SL DA (rng () (Dn, (x)(h))ABy(r).

For the higher order differentiations, the formula similar to (3.9) can be

proved inductively, together with the following lemma.

Lemma 4. Suppose that a natural number q ? Py and any T > O. Then for

{s,t,s',t' {T, a natural number j and x.x'.hi € E&. i=1,2,....n, we have

2j 2j

n 2] 25
(3.10)ELHE™n,  (x)(hy hy. ... h )IZ0] € Coe(TY Ry IZJUN, 120 i =)

2 -q°
(3.11)  E(NOPng  (x)(hy.hye.. b)) = Dl L (x")(hy D .....hn)ufg]
2j

e |d e |4 v y2d 2j 2j
< C26(T){|t t' Y+ Is=s'|¥ + nx—x u_q} nhln_quhzu_q...uhnu_q .

Proof. First we will show (3.10) for the case n=1. By the assumptions

(H1) and (H2), we get

WDA (r.m L (x))(Dng (x)(h))w < CopliDn, (x)(B)I_g.

so that taking the expectations of 2j-th powers of H-H_q norms of both sides

(3.9) and using Lemma 3, we get

E[HDns't(x)(h)Hgg] < czs(T){uhufg s gt E[nnns_r(x)(h)ufg]dr)

and the Gronwall lemma gives (3.10) for the case where n=1. For n 2 2, we will

prove the inequality by the Mathematical induction. For hl'h2""'hn € E&.

(Dnns't(x))(hl.hz.....hn) = i I;Dn(Ak(r.ns'r(x)))(hl.hz.....hn)dBk(r).

Since

(3.12) Dn(Ak(r.ns‘r(x)))(hl.hz.....hn)
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= DA (rong (x))(D"ng  (x)(h;.hy.... b))

+ finite sum of terms of the type

n
(D" (rong (0D 'y ()(B (1), B (gy.ooh ()
k' 's,r s.T jgl) jél) jﬁ:)

r(x)(hj(2).hj(2).....hj(z)),....D mns'r(x)(hj(m), hj(m).....hj(m))).
1 2 n, 1 2 "

where 2 {( m < n, n, + n2+...+nm =nand O € n, ¢ n-1, so that using the

assumption of the mathematical induction, we get (3.10) by the same argument as
before.
Before proceeding to the proof of (3.11), we notice that for h € Eé,

IIDnS.t(x)(h)—Dns.‘t.(x')(h)ll_q is dominated by

(3.13) R ST CLARODIOL NI

LX) (B)dB(rIN_

+ i HI;.D(Ak(r,ns.

* 2 15 AD(A(ron  (x)))(h) = D(A (r.n . _(x")))(h)}dB, (r)N_

Now. by the assumptions (H1) and (H2), we have

(3.14) MDA, (r.ng (x)))(h)-D(A (r.n . (x)))(h))m
< W{DA, (r.n, L(x))-DA, (r.n_. (x"))}(Dn, (x)(h))m

+ WDA, (r.n . (x"))(Dng  (x)(h)-Dn_. (x')(h))m

< Cog(T){ling L(x)-ng. (x")I_ WDn_ (x)(h)N_g

+ Dn . (x)(h)=Dn . (x")(h)I_}.

-------

-----

'
k"’\V\’sfx ~$5*\*x: G N

s\:f
¢\
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Then the same manner as before, together with (3.8), (3.13) and (3.14), leads

us to
, 23
E[Dn,  (x)(B)-Dn,. (e ) ()12
¢ Cyy (M-t [ + [s=s° |j+nx-x°||§g)uhufg
t . 2
+ EEDD GO)Dn. (x) ()12 Tar),

which gives (3.11) by the Gronwall lemma for the case n=1. By (3.12) and the
. . n n ..
estimation of IID ns,t(x)(hl'h2""'hn)-D ns',t'(x)(hl'h2'""hn)"—q similar to
that in (3.13), the mathematical induction and the Gronwall lemma yield the
proof of (3.11) for n > 2.
Now we will proceed to the proof of the generation problem of L(t). By }

the assumptions (H1) and (H2), (3.8) and (3.10) of Lemma 4, we may exchange the

order of the differentiation and the integration. Then by the Ito formula
[14]. we have the point wise Kolmogorov forward and backward equations like in

the finite dimensional case (Theorem 1 (page 73) of [7]):
L (U(t.5)F)(x) = (U(t.s)L(t)F) (x)
S5 (U(.9)F) (x) = ~(L()U(e.9)F) ().

let p20, q20andn 2 O be integers and x € Eﬁ. Since

Dn(F(nS t(x)))(hg?).hgg).....hgq)) is a finite sum of terms of the type
! n
m "1 (a) () (@) p2
I1=D F(ns.t(x))(D ns.t(x)(hj(l)'hj(l)""'h (1) D ns't(x)
1 2 n,

!

I

(a) (@) (a) "m (@) ,(a) (a)

(hj(z).hj(2).....hJ(2)).....D ns.t(x)(hj(m)'hj(m)"'"h.(m)))‘ :

1 2 n, 1 2 n_

n RN Qi S S Ge Sa ¥ Bt it S S ASAAS AN ﬁ&“'\‘gx‘ SR
,_1 W u ool .'..‘ ‘1':' . e ‘553"-‘3&3&“ o .-:&_\ﬁ)-z
WMo, RORAD X 5 e in” ) o W W WD
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" n + +...+ n = n,
. 1 Ny m

Iy

so that noticing the nuclearity of E and (3.10), we have an integer

.‘ .' .l
.’l

I

q' > mx{p.po.q) such that

v % " A

A

(3.15) > (D2 | < 1o
j:l J —q

<
o)

*,

XX

and

& 5 2
S LS

21 N
s, () nDnlns t(x)(h(?z)-h(?g)‘
' 37 3

2

2 E[e

2
(3.16) E[]I]°] ¢ m?uq..q..n

. 7
"‘.I‘-‘-'-'n
¥ D BT 4

n
...,hf?{))ufq.un 2nsit(x)(h€?%).h{?%).....hf?%))ug L
Jn Jl J2 J

1

_4,,._._
d q
24
L5 ]I W

?
'
>

"m (@) ,(q) (a) (Q) |2
...ID ns.t(x)(hj(m)'hj(m)'hj(m)’""hj(m))"—q']
1 2 2 n

LY.
e
AR A

m

Y ke g
--‘

1
4Hns t(x)ll_q.]'i

L
v

< C

').
0N

IENZ, (D2 m{Dn2 | in(ay2 Ere
.qQ N 11 -q 12 -q 1n -q

Here we will prove

3

- e

A
.- g"l_'g ]

R

Lemma 5. For any a > O and T > O, there exists a constant C32 = C32(a,T)

LN
)

Y|
’

such that

“

5,'1
e

e aHns t(x)ll_ ' alix|l__,
T sup E[e ' 17¢< Cype
2 ...'- OSS. tST

t
Proof. By (H1), Hns't(x)"_q.ngH_q.+C33+HfsA(r.ns'r(x))dB(r)H_q.
Following [8]. it is enough to prove E[exp("f;aA(r.ns r(x))dB(r)Il_q.)] < C34.

jq Setting Yo t(x) = f:aA(r.ns r(x))dD(r). by the Ito formula and the assumption

:;E; (H1), we get for any integer m 2 2,

m/2]

e (3.17) ECly, (GO .1 S ELCIy, ()12 )

.}' J‘*'f' _,Y*‘#‘w g i - . - v.-'
AT gt "‘-‘v-y“.'«”#;.k"-)-:w ' "

e, 58, KA ! .1"%‘!‘2‘; ;
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2 1
*3
! 19
\:_
o m
y t1l,.m 2 2" 2
CE[L+ Jp 32y, 2 ) @P R () B
o 52 5 ® (0).2
m,m
: RGNy, GNZ)T Q53 (v, (A, DR ar]
3 =
- m_
m2 2 t 2 2
X <1+ 2(5) a CBSISE[(1+"ys,r(S)“-q') Jdr.
where C35 = sup R(t.x) .'22 If we use (3.17) recursively, the rest is similar
X€EE'
04T
J to that in [8], which completes the proof. 8]
:
Therefore (3.15), (3.16) and Lemma 5 yield
5: IIU(t.s)FIIp‘q'n < C36(T)"F”q',q',n , t,s € [O,T],
which implies that U(t,s) is a continuous linear operator from @E. into itself.
. By the same reason as in [20], if we prove the strong continuity of
o
:i U(t,s)F in (t.,s). the pointwise Kolmogorov forward and backward equations imply
- that L(t) generates the evolution operator U(t,s). Since
= HU(t.s)F-U(t'.s')FHﬁjq n is dominated by a finite sum of terms of the type
25 - n,
; i:g‘e _j(l) (1) 2 ‘(I)E[ID (ns't(x))(D ns't(x)
- o NERD] .....Jml
(m) (m) 1 (m)
Jl -J2 ERRER AN
7 m
(@) () (@) y p2 (a) (a) (a)
(hj(l).hj(l) ..... hj(l)). D ns,t(x)(hj(2)'hj(2) ..... hJ(2)) .....
.: 1 2 n, 1 2 n,
N
~ n n
x m (a) (a) (a) yy _ 1
D Png (OB BRI - DR (D T (%)
J1 J2 Jn
m

. [ ~

« . A, W
¢‘{-_:,~ ".':""{": e W A e e S &Y
O B R R N S A

N A S A S R A R S L L T L
I AEAT AN S SIS i 54 AR VA W M O N SR CR AR L LN
N L A ~ . \5*1:‘.¢ SO PN Ay
)

™
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(n(@) (@) ...h(q))), D"zns, L om @) n@) L ne)

RO ot
n
ST I e i)

A IR In_

so that by (3.8), Lemmas 4 and 5 and the nuclearity of E, we have an integer

w
q' > max{p.po.q} such that 32 thq)ngq. { ©» and we get

j=1

WU(t.s)F - U(t'.s')FHij <C

2j e 9 e 1
a.n 37HFHq.'q..n+1{|t t'|Y+]|s-s" |7}

which completes the proof of Lemma 1. o

§4. Generation of the Kolmogorov Evolution Operator

In this Section, we will discuss the assumption (H4). Let K be a
separable Hilbert space. We call a K-valued functional
G(x) = g(<x.E 2 <X Ex>, .. <X.E D), E.E5.....E € E. the smooth functional if
g(x): R® > K is a Cm-function. where R” is the n-dimensional Euclidean space.
Further we call G(x) a bounded smooth functional if g(x) itself and all the
derivatives of g(x) are bounded. The coefficients A(t,x) and B(t,x) are said

to be approximated by sequences of bounded smooth functionals

’ Am(t.x) = am(t.<x.§l>.(x.§2> ..... <x.§km)) and
e
(et - .
:i Bm(t.x) = bm(t.<x.§l>.<x.§2>.....(x.fkm>) on E' if for any integers, p 2 Py
T
x; q 2 Oand n > 0, the following conditions are satisfied:

N (4.1) Am(t.x) and Bm(t.x) satisfy the conditions (Hl)' (H2) and (H3).

(4.2) For any T > O,

XA
N

- ". .
ARSI,

VT
o
t

-
f- "~ Jl".l.\"- lf-f'-f'
R e e
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K
[\
.~ lim sup [A(t, x)—A (t, x)é
. mo x€EE'
i 0<t&T
R lim sup NB(t.x)-Bm(t.x)H_ =0,
\ mo  x€EE’ Po
N 0<t<T
.
i ( )
' lim sup IDXA(t.x)-D¥A (xS - o0, k=1.2..... n
. mo x€E'
- ogeet
-
.
o lim sup IDXB(t.x)-D¥B (¢, x)H(Q) =0, k=1,2,....n
m x€E'
P
: 0<t(T
.
'.
i: A real valued smooth functional ¢(x) = ¢(<x.§1>.<x,§2>.....(x.§n>) is said to
N
be a weighted Schwartz functional if ¢(x) = h(x)e(x)., x € R, where ¢(x) is an
;: element of the Schwartz space Y(Rn) of rapidly decreasing C -functions on R",
N n
.

h(x) = 1/g(x). g(x) = _ngo(xi)- go(x;) = exp(-Viply|e(x;-y)dy) and p(x) is
1=

,»—q‘,«v

) the Friedrichs mollifier whose support is contained in [-1,1]. Then F € @E' is
3 said to be approximated by a sequence of weighted Schwartz functionals
o
N Fm(x) = fm(<x.§1>,<x,§2> ..... (x,fk >) if for any integer p 2 O, q 2> O and
m
e n o0,
2 Iim IF - FmN = 0.
'n_m p.q.n
e
q First we will prove
N
N}
iy Proposition 2. Suppose that the coefficients A(t,x) and B(t,x) are
q
- approximated by sequences of bounded smooth functionals and also F € @E' is
;f approximated by a sequence of weighted Schwartz functionals. Then U(t.s)F(x) =
Tﬁ E[F(ns t(x))] is approximated by a sequence of weighted Schwartz functionals.
‘ .
'Q
&
W
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¢
¢
P
R oy
R A S e I
' v ! e




LS
X

o

DNy
PP
1% %5

O

‘\
Paks
n" l.' '

L]
"-{

) f l.
&?pﬁfﬁﬂn

R
NESSNE

o

~ 8
S

22

Proof. We will use the convenient notations such that Ao(t,x) = B(t,x)

and Al(t.x) = A(t.x). For any integers p 2 0, q 2 0 and n 2 O, we choose an

integer q' > max(p,po.q} such that

(4.3) 3 {2 ¢ 4o,
§=0

since E is a nuclear Fréchet space. Then by the assumptions, for any & > O and

Ak(t.x). k=0,1, there exist bounded smooth functionals

Ak(t.x) = ak(t.<x.(1>.<x.(2> ..... (x.(mk>). k=0,1 such that
5 e ey (@)
(4.4) 3  sup IID"A (t.x)-D"A (t.x)lI < 6.
2 s A (600, (e
0<t<T

For sufficiently large N, we put

~ t.~
Zz't(x) =x+ f; A (e ox+f A (L.

t ~
x+fsN_lAk(tN.x)dBk(tN))...)dBk(tI).

Setting

- ~ t~ t .
2" (%) = xS (e el TR (e PTIE (1 ng (0)dB, (1)) )8, (t).

n=],2,...,N, where tozt. by Lemma 3, we have for any x € Eé. 0<¢s,t T and

any integer j 2 1,

(4.5) E[”ns’t(X)-Zz_t(X)"%g~]

¢ 22j_1E[Hns't(x)—ggfz(x)ﬂ%g]

N .
2j-1 ~(k-1) (k) 2
+ k52(2 J )kE[Hzg't (x)—zs't(x)ﬂ_;.]

21Nz M eo-2)  on? g

+ (2
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N-1
{223 1,230, s (223 Lkt 1 23kpk+1525 ) 0401y
k=1

+ 2(22I [N L2INN
¢ Cag{6™exp(2%9 7 (v1)2Imy (2?7 )N 2NN

where M = sup mAk(t x)m , wmem is the convenient notation used before and
x€E k k

ogth
MVl = max{M,1}. Hence for any e > O, if we take sufficiently small & and large

N, we have

o4
(4.6) iEE E[lng  (x)-z, 2 (x)”_;.] < €.

Next we will verify by the mathematical induction that for any integer m

1 and any € > O, there exists an integer N(m,e) such that if N > N(m,e),

(4.7) E(ND"™n,_ (x)(h(Q) h(Q) h(Q))
i
L (x )(h(Q) h(Q) ..'th))“gg‘] <e.
m
Setting
N
o t(><)(1n§‘1”)
h(q) + JDA (t).2) (x))(h(q)+f DA, (t, (x))(h(q)
I e I (x)(hg‘l"))dak(tn))...)dBk(tl).
n n

z?:’i(x)(hﬁ‘j’)

RN (x))(h“"+f Dhy(ty.zg o () ()

..................

Nb“:“; - rka?a;w:
NSV aju}»ﬁvfs-
e V% (



BEalin® A" NP hat Sa¥ LAt gt Sov ke’ Ao

M ol o0 aht ahid bt adh ath o'e otk aVh ar i g m bl 8 & AR 4 & 4 A 'S4 w8 O 0 Rk @2k Yok oo

24
t ~ r
A C RO TL SO ILENCRI B LENC

and ' = Cyg {67 Jexp(229 71 (V1) 2IT) 42022 Y™ PN N1y, then we have

QD () () Dzg 0 (2120,
¢ 55, 65 e

2j-1 1.N (q), _1.N (@) 2]
G R CRN O AN O e Tt

N-1
+ 2

k=1

(@R f e ()T o a2 )

+ (225'1)k*3ﬁ[ny§fi'N(x)(hgj))-zgfi'N(x)(hgj))u?g,])

T N0 e 0000

) C39(62j22j—1T+(6.)2jM2j(22j—1)2T

N-1 _ o
v {(22371)k252525k 0k 4

v (223352020 (1) kAl g Ly ay 4 (220714220 gy
45-1 229 T uv1)2IT, 25 2 25-1,N+2,23N
< Cygf2tle (6234 (6 )2dy & (22371)N+220N N ey

which gives (4.7) for m=1. We assume (4.7) holds for integers 1 {( m <&, ¢ > 1.

Since De+1(Ak(r.ns'r(x)))(h£?).hgg),....h§Q) ) =

i
o+1
e+1 (q) (a) (a) ini
DAk(r.ns'r(x))(D ns.r(x)(hil , hi2 .....hie+1)) + finite sum of terms of the

type




““‘1

25

n
DuAk(r,'ns r(x))(D lns r(x)(h(?z).h(c(l})...-.h(?z))o
. . N i Jnl

n, n

D 2ns‘r(x)(h€?;).h(?%).....h(?%)).....D Un, (%)
Jjp 7 s In,

(hg?z).h(?z),....h(?z))).
1 ‘j2 Jn

u

- (@) . - (p(9)
where 2 { u < &+1, ni+ngt...4n o= 8+1, {hj(i). i=1,2,...,u} = {hi, ,
n,

J
i
j=1,2,..., £+1} and
&+1 t 8+1
NI SIRNEUNR A D I A S (N CR S ch o

- ' 1 T2 e+l k ' 1
o
Yol h§Q).....h§Q) )dB, (r).

W 2 o+1
N \J
! L
A so (4.7) for m 2 2 can be proved similarly.
'fi: By the assumption for F, for any €' > O, we have a weighted Schwartz

- functional F(x) = £(<X.E;>.<x.Ex>,...,<.E >) such that
A n ~Ixll f ~ [
- (4.8) S osup e 9 DN(F(x)-Fxnie) < e
w k=0 s€E;. e

£
.ﬁf

@ Then to prove Proposition 2, it is enough to show (U(t,s)F)(x) is approximated
‘;j by weighted Schwartz functionals in H-H;ql, O<k<n. Since
}ﬁj Dk(F(n (x)))(h(q).h(q).....h(q)) is a finite sum of terms of the type
KXov s,t 1, i, ik

9.

2 (4.9) 1 (n, (%))

N . x
(a) 4(a) (a)'s.t

.\'.'f- hi ‘hi ....,hi
.‘j: 1 2 k
'kj:"

=&Y

¥
|"~

o

':‘: Y AW L

ol A AR a Y S P VY 1 ' 1Y 0% % e 3% S DL N % AL N R AN TIAT R T e m g W N LY
e e
e R T G, 1 T G T T e N R N A RN ey
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.\I

.'_:, n

= - DF(n, )@ g (I K@ m @ 0% 0
N ‘ ' J1 J2 Jn
(- 1

n!

o h(9) () n Dy 0% m@ (@ n(@) 3y
N (27 @@ s @)y
- I ) n, 1 Jo n,
Y

.>.

: where O < u ¢ k and n1+n2-0'...+nu = k, so that setting
- (4.9)" J " (x))
N ) h(q) h(q) h(q) s.t

il ' i2 ik

E; u> N "IN (@) (a) (q) "2 N
-_:: =D F(zs't(x))(D zs.t(x)(h.(l)'h.(l)"'"h (1)), D zs‘t(x)
N S In,

X
e~ @ . (q) (a) Py N @ (a) (a)
\: (h.(2).h-(2)....,h'(2)),....D Zs.t(x)(h.(u)' hj(u)""'h.(u))'
o 17 2 In,, 91 2 In_

_.'.',.‘_,‘,

Rl NV R

then we have that (llU(t.s)F—E[;(zI: t('))JIII()ql)()2 is dominated by a finite sum of

[
» fe

terms of the type

A

=2lixll_ ©

(4.10) C sup e P b E[|I (n. .(x))

o 10 ek fo4m. . i1 0 n(@ pl@) o pa)ts.t
" P 1'°2 k i, 12 i
&
D)

. N 2

- X

o @ p@ @ 1
o g Tk
o

N

™ ~2lIxl © 2 (x)I__. n
¥ - -
o < Cyi{sup e P R o s.t 9 (e*)2D lns t(x)(h(_‘(‘}).

;: x€Ep 11.12 ..... 1k=l ,]1

Iy n
i S N () T T n(@) p(a) Q) 42
o S0Py P T (R (2) P2y (2)) g

o 2 n 1 2 n

:; 1 2
\::
P

A

°
ket
\' ---------------- e » " e Mt T, W, Wy, [ . a

‘ C :j..;.é::;\-r :_-:,{_._4'&5._*._{:-#._:._;:._ oy .-’ . 1 ”i OB ._';x.'gxn,_,j’ RASESS -\..",-s.‘\_,”a,)_;w; e :”:::‘.l,‘.::::

1P 2 OO

e ? 5 " AT
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"u (a) 4(a) (a)
...ID ns.t(x)(h (u) hj( ) h ))" ]
1 u
-2!|x||_ ©
v 1.1 2 i =1E[|Jh(Q) h(9) (q)("s )
o prige ool RSP

1 19 n

N 2
Uy @ @ (@) Zs CNID
(D,

By the manner similar to that in the proofs of (3.10) and Lemma 5, we get

Lemma 6. For any integers q » Py J21., n21and any T > O, we have
n N 2)
(4.11) E[IID zs,t(x)(hl'h2'""hn)"—q]
2j 23 2j _ .
< C42(T)thﬂ_qnh2H_q...thﬂ_q. x.hi.i =1,2,...,n € Eq.
0<¢s,t <T.

For any § € Eand any a > O and T > 0, there exists C43 = 43(f.a.T) such that

(4.12)  sup max{E[exp(av|<n, (x).£>])]. E[exp(aV|<z_ (x).E>])1}
0¢{s, t(T ’

< Cygexp(aVex, £21).

e S JITT e
Since f(x) = h(x)¢(x) and |h( )(x)l < C44exp( 2'¢|xi|). vwhere h( )(x) =

i=1
(%;)eh(X). we get by Lemma 6,
~lixl
"": (4.13) supe ’ _pHaX(E[(IID“F(z (x))u(q ))2]1/2 E[(llD“”F(z': (%)
Jﬁ} '

x€E’
P

by
2

+1ng 002 NEN2E) co M. 0g T 1 0¢s T

Hence noticing (3.10), (4.3), (4.13) and Lemma 5, we have some constants C46

l‘.
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independent of &', C47 = C47(e') and some natural number No such that (4.10) is

dominated by

(4.14) Cyee’ + Cyep L 30 . _IE["ns't(x)—zg't(x)H HD n (x)(h(?%)
1't2r ' 5}
() (q) "u (@) (q) ()
hj(l) ..... h (1))u D T, (x)(h (' h (u) .h (u))u :
2 1 1 u
.3 IDnlz (x)(h(Q) a9 h(9) )u wp T z) L (n n(9)
2 O O O (-1
!
n
hf?l 1) .,hf?l_l))ufq.nn rns't(x)(h(?z) h(?z) h(?l))
Jo In I
r-1 r
1'1 n
(x)(h(?l) h(?l) h(?l))n D "o ()
I n
r
n
(h(?)+]) h(?3+1) ..... h(?3+1))n?q....nn U (x)(h(?a) h(?z) h(?a))n 1.
) In 1
r+l u

Therefore noticing (3.10), (4.6). (4.7), (4.10), (4.11) and (4.14) and further

for any ¢ > 0, taking sufficiently small ¢, 6 and large N, we obtain

=lxll_
sup e Pip
X€E'
P

k((U(t.S)F)(X))—Dk(E[F(z (x))])"(Q) e

The rest is to prove that E[F(z: t(x))] is a weighted Schwartz functional. Of

course E[F(z (x))] t((x.§1>,(x.§2>.....(x.§e>.<x,§1>.<x.§2>....,(x.§m>)

is a smooth functional. Without loss of generality, we may assume that §i'

i=1,2,...,¢, (J. j=1.2,....m, are all distinct elements in E. We will prove

€+m e+m)

g(x)¢s t(x). x € R € (R For any integer n 2 O, by the Leibniz

........................... - _..‘_-I':f_-(_--'- - R .- - LI (AT N LIS W) v- LYY - ~
e ,;_.{_.‘- ,;_._~,; - -_..:'_:'-"\:: j: j-‘ } :':Q'_t - Vﬂ.‘(‘ﬁ "- \:'u‘a\':\:,o::\::; '- \*N’h\}* ’\“\'t';\i\ » "\’-.
ISR ARG AR A (&) l .{'\.""J' A A \'J‘\'
AT AT TS, MR AT AT, .. .5"0!’: A ..--!'0 ) Ah N ¥ !N!N&l- l"' '.
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formula, it is sufficient to examine the finiteness of

sup  (1+]x|2

x€IR€+m

)n|(g;)rg(x)(%;)k¢s_t(x)|. for integers O¢<r,k<n.

By the expression (4.9)' of Dk(F(zg‘t(x)))(hg?).hgg).....hg:)), (4.11) and the

&+m
fact that f(x) = h(x)¢(x), x € R and |( S eg(x)| < 4gexP(= 3 \/Ixil). it is
i=1
enough to show the finiteness of
e g m ' _ -
(4.15) sup(l + 3 <x.E 0%+ 3 <x.(y >2 ) exp(- z v|<x, £ > - z v|<x, ( >1)
Q i=1 j=1 =1 j=1

x LM () e (0%

.6x.C >) € B*™) and

where Q (x;((x.§1>,<x.§2>..

(%;)uh(x). v(v)(x) = (%;)vw(x). x € Re.

..(x,§e>,<x,fl>.<x.§2>.

h(”) (x)

¢
Since lh(“)(x)l ¢ Cygexp( 2 w/lxl.l). (4.12) of Lemma 6 yields that (4.15)
i=1

is dominated by

4 m ——
(4.16) sup(1 + 3 x.E% 3 L %) Mexn(- S vy C SHEC) (R ot
Q i=1 j=1 j=1 S
(1+ 3 2, 3 2)exp(- 3 V] D
{ Copn sup(l+ I X,E.07+ 3 X, 0.07) exp(- 2 VI<x.(2>
S T S 3=1 )
;
(1+ 3 <z L)L »2)4n 174
xE |—15! =) el
(1+ 3 <z L)L »2y4n
i=1
e m

m
< Cg,llvlisup(1+ 3 <x.§i>2+ s (x.(j>2)nexp(- s \/|<x.(j>|)
Q =l j=1 j=1

S e W O e N OO A AT N AT T ~ " «
t;w" *',. "» -:\.-"::s, gt .‘ \ W "'J“::::: \G'\- ‘-} K ‘\}'\ .)-‘\A: : ;:::’ « J-" \3‘ \' WX 3\} o
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174
l *
xE é
(1+ = (z (x) § ) )
i=1
where H¢Hn = supe(1+|x| )n |¢(k)(x)|.
x€R
0<k<n
On the other hand, we can verify the following lemma.
Lemma 7. For any §1'§2""'§8 € E and any integer p 2 1, we have
1 1
E ? < Coo(T) ,0¢<s.t <T.
N 2.\p 52 &
(I 2 <z (x).£,>7) (1+ 3 <x,E.>2)P
i=1 i
i=1
Proof. Setting 8(x) = 7 1 and applying the Ito formula for
(1+ 3 . %)P
i=1
N
: 6(2s t(x)), we get
’ 1 .
. (4.17) E e R 7
N (1+ 2 <z (X 2 ) (1+ 3 <x.§.>2)p
,.\.1'.' 1= i=1 1
;:.‘ & e
‘ -2p (1+ 3 <zN RORRS LS <zN (x).E,> <B(r.wn2(x)).€)
.o +E | izl =1 dr
o s e 2.2p
- (1+ 2 (z (x) £,57)
.’:}' i=1
- t 1
‘» : *E [‘rs 5 X
2 , , !
", -
0 o -1+ 3 < (0.8 2 G 0.8 Alral Loomi® g ) |
°.- s izl ° i=1 |
»' { ¢ 2,4 |
3= (1+ 3 <z _(x).E>°)°P 1
S i=1 r i “
! |
[, ‘
" 8] :
AR ]
- ?
- i
. J
«:;
o !
. RS ,‘
NN V 1 EL RGO V-."'»"\‘;-” . p"- R &S SRSV CL OIS A NY W '.‘o
ot k 1
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150 —2p(1+ 3 <zN (). PN > CA(r.wy (x))h(o) £,>%)
80N i=1 i=1
* . » +
a4 e 2 4
' (1+ 2 (z (x) £, )
) i=1
3
P e
e 8p2(1+ 3 <2) (x).E)> 2y3p=2( 5 ) NORE CA(r.wh ll_(x))h(o) £,9)°
Mo . i=1 i=1 : }dr
N 2 ¢ N 2.4p '
s (1+ 3 <2} (x).£,5%)
A i=1
o
N where
WK = ko™X (e, e LK (5 w7 V2K (r x)dB, (ry_ 1)) )B, (r,).
:.‘- s,r sAk 1' sAk 2" g Ak N-1’ k' N-177"""77FkY ]
::_:-: By the boundedness of A, (t.x). (4.17) is dominated by
:;:\
: - 7 1 + C53ft E 7 1 dr,
P N 2.p S P
b (1+ 2 <z (x).§,>7) (1+ = <z IRCON >2 )
Agai i=1 ! i=1
AR
7
{ which yields the proof of the lemma, together with the Gronwall lemma.
{_f-.: Using this lemma, we have that the right hand side of (4.10) is dominated
v'.\.
: .r:,. by
o
D) 4 5 m 2.n 1
Py Co llell sup (1+ 3 <x,E0% + 3 <x,0 %) exp(- 2 v|<x. T 1)
A Q i=1 j=1 J j=1 J
‘:_-.
Aois
'\\-:: X 7 1 {( ®,
°_ (1+ 3 <x.£ 9"
ot i=1
_L:_:.
k-1 ~ N
\‘} which guarantees that E[F(zs t(x))] is a weighted Schwartz functional. This
. completes the proof of Proposition 2.
z-c:- Now the following remark is immediate.
-,
1:'_:’ Remark. Under the assumptions of Proposition 2, (L(t)F)(x) is also
\."3 approximated by a sequence of weighted Schwartz functionals.
-\.::
9 "\
f
e
@
:::. ) N .rv: . v‘*’r‘*ﬂ ‘:.ﬁ ;,:;"; J'Vr"'.r‘r“ "'r"‘)"‘-"" o Fadoe “-’"fy ':I-f -.."'- % 8
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Then we will proceed to the discussion for a concrete example 9 d. Ve
" $(Z")
will begin by giving the definition based on the sequential Schwartz space.
?j Let Zd be the d-dimensional lattice, i:(il.i2.....id) € Zd and ¥ = V(Zd) the

Schwartz space of rapidly decreasing sequences £ = (Ei).

E. = (F, .€, .....E. ), metrized by the countably many semi-norms:
i i 12 1y
w
|wu§== s (1+11)%P[g, 1%, p=0.1.2....
11.12,....1d=- ©

The dual space ¥’ = 3'(Zd) of ¥ is a collection of all slowly increasing

sequences S = (Si) such that for some integer p 2 O,

©0

nsne_ = b (1+|i|)'2pls.|2 < o,
p { =0 i

*°d
Let x € R" and S(Rm) = {¢(x) = h(x)p(x): ¢ € Q(Rm)). We will define the p-th

semi-norm of S(Rm) by

115 = sup, (+1x PP )80 |
0<k<m

Then S(Rm) is a nuclear Fréchet space metrized by the countably many

s d
- |

semi-norms. P’ p=0,1,2,...,[6]. For finite lattice V in Z , Cg(y',V) is a

collection of all functions ¢(S) such that there exists a weighted Schwartz

|V|d)

function ¢(x) € S(R and ¢(S) = ¢(S|v). where SIV means the restriction of

L)

S on V and |V| denotes the number of lattice points in V. We will introduce

a

the nuclear Fréchet topology on this space by the countably many semi-norms

.....

LY
'y
]

WV W Y VR
L l" :',-A'A .".J ‘J .
s
'U_
]
Y
T »n
e
"
O
Pt
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where |-l§ denotes the p-th semi-norm of S(Rlvld). Let Cg(y') be a collection
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of all functionals ¢(S) such that ¢(S) = ¢(S|v) for some finite lattice V in Zd
and weighted Schwartz function ¢(x) € S(Rlvld).
Since Co(9 V) C c. (9 ,U) if Vv C U, setting V = [—n.n]d. we will
introduce on Co(y') the strict inductive limit topology of C:(?'.Vn). !
Since Y(Zd) is a nuclear Fréchet space, we use the same notations defined
before. For any integers p 2 0, q 2 Oand n 2 0, let Ep q.n be the completion

of Cg(y') by the semi-norm lll|

pP.q,n
Definition of Space ¥ q. We define 9 N @ , where p > O,
v (2% ¢ (2%) p.q.n PP
2 0and n 2 0. We introduce a topology on 9 d by the countably many
£ (Z7)
semi-norms "."p.q.n' Pp20.q20andn } 0.
Then %y'(zd) becomes a complete separable metric space [6].

Propositions 1 and 2 yield.

Theorem. Suppose that the coefficients A(t,x) and B(t,x) satisfy the
conditions (H1)-(H3) and are approximated by sequences of bounded smooth

functionals on 9'(Zd). Then L(t) generates the Kolmogorov evolution operator

U(t.s) from 9 d into itself. Further under the same assumption of the
¥ (Z7)
initial value as in Proposition 1, the continuous ¥(% d )-process solution
£ (Z7)

of (1.1) is uniquely given by

Xp(t) = Xy(e,0)p(0) + Welt) + féwL(s)U(t.s)F(s)ds'

N For a real valued functional F(t,S) on ¥' such that F(t,S) is infinitely
e,

ﬁ;: many times y'p—Fréchet differentiable with respect to S for every integer p ?
e 0. we set |F| = sup sup |F(t.S)| and IIFl_ _ = sup sup ID"F(t, S)u(P)

0<t<T ses* P 0¢e¢T  sey:
Let ai(t.S). bi(t.S). i€ Zd. be real valued mappings defined on ¥’ and

infinitely many times yé-Fréchet differentiable with respect to S for every

PN A AT A M A A AT A h kT o - - .
:5:\:-, e A ﬁ&w :‘:f' \)\fl'-" \G\‘{‘: PN ::_: ) }\’ :}:,. » 'J_*.. e J “.‘\ :}\'), }\.7 \}'\. s ): ‘\-ﬁ.‘\..‘-\\_ \r SN
PN A b L 3 '\\'\." N .A.(-" -.{\- ¢-~'\ ‘({ .,'\-\-\‘,.\
R, AR N B AT t RN gy o ‘*‘ $;§;§ \$~
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integer p 2 O. We assume the following conditions:

(AI) We have some natural number Py such that

® ) 2 . 2
3 (1+111)  Omax{la, 2. [b, %) < o.
i, i4,....,1,=—0
1'°2 d
(AII) For any integers n 2 1 and p 2 O,
2 2p 2 2
- (1+]i]) max(uainp_n.nbinp_n} < o,
11.12.....1d=—°°

(AIII) For any integer n 2 O and any T > O, there exist A2(n,p.T) > 0 and
As(n.p.T) > 0 such that
1IDK _pK (r) - (r)
sup max{ID"a, (¢.)-D a, (s.5)1PL .0*b (¢.5) Dkbi(s.S)HH'S‘}
0<k<n

R3(n.p.T)
< xz(n.p,T)lt-sl .

(AIV) ai(t.S). bi(t.S). i€Zd are approximated by sequences of real valued

bounded smooth functionals agm)(t.S). bgm)(t.S). i€ Zd such that

lim sup sup ND“a.(c.S)~D“afm)(:,S)n&qg =0,
o OCe<T Sev) ! ! "S-
lim sup sup HDnbi(t,S)—Dnbgm)(t,S)Héq% = 0,

me 0<t<T Seyé

for any integer p 2 Pyr 4 2 0and n 2 O.

Under the assumption (AI), we define a continuous linear operator A(t,S)
from ¢ into itself by A(t.S)Y = (a,(t.S)Y,).S=(S,). Y=(Y,). i € 7%, Further
set B(t.S) = (b,(t.5)), i € Z°. Under the conditions (AI)-(AIV). the
coefficients A(t,S) and B(t,S) satisfy the assumptions of the theorem. Then
for the diffusion operator

J D?F(S)o[A(t.S)xA(t.S)] + DF(S)(B(t.S)). Feo .

(L(t)F)(S) = § trace
z") $AZ")

2%
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l\‘
:% we get
Q‘- L)
liﬁ Corollary. Suppose that ai(t.S). bi(t.S). i€ Zd satisfy the conditions
:jg ' (AI)-(AIV). Then L(t) generates the Kolmogorov evolution operator from 2 q
o into itself and the same conclusion stated in Theorem holds. |
!
"7,
:& §5. Central limit theorem for a lattice system of interacting diffusions.
e
"
::f First we begin to explain the system that Deuschel considered [4]. Let
o
- |
bi(S). i€ Zd. be real valued infinitely many times Yﬁ—Fréchet differentiable |
ii mappings on ¥' for every integer p 2 O such that bi(S) = b(GiS), BiS = (Sj+i)
L
b R |
::: and b(S) is also real valued mapping on ¥'.
- 1
2~ (V1) We have some natural number Py such that
- . ) —2p
L . 0 2
. o2 (1+]1i]) (sup |bi(5)|) <.
. 1.1, .,1d=-m Sey
.. ‘l
f;:: : (vV2) For any integers n > 1 and p 2 O.
Ny
e s -2p (p) |2
oz (1+]i]) (sup'IIDnbi(S)llH.S.) < .
4 i, ..idz-‘” Sev¥
~T
NS
a':i (V3) There exists a sequence of real valued bounded smooth functionals bgm)(S)
o such that
e |
% lim sup 10", (5)-D"6{™ (s)1{9) - o
w7 m° SES’ e
e P
” |
!; for any integers p 2 Py a >»0and n » O.
n Let S(t) = (S,(t). 1 € Z%) be an ¥'(2%)-valued solution of the following
% equation:
1
oy
[} .J
q )
¥ v
) L
1548
o
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(5.1) S;(t) = o, + B, (t) + Iébi(S(s))ds.

by(S) = b(8;S). 8;S = (S,,,).

where (Bi(t)) are independent copies of the d-dimensional standard Brownian
motion B{t) and (ai) are also independent copies of the d-dimensional random

variable o independent of B(t) and for any € > O, E[exp(e"(oi)n_p )] < ©. For
0

a finite lattice V € Zd, consider

-1/2
Ty(t) = |v] 36 .
\) jev GiS(t)
where 6. denotes the Dirac measure at S in ¥'. Then we will study the limit

S
behavior of Tv(t) after him [4].

Now put
(o]
(Uv(t),¢) = (Tv(t).¢> - E[(Tv(t).¢>]. P € Co(y').

where (+,+> is the canonical bilinear form on CO(Q')'xCO(y'). Then it can be

proved by [17], [21] that Uv(t) becomes a strongly continuous Cg(y')'—valued

stochastic process. We will prove the tightness for Uv(t). Ve Zd following

[5]. [18]. in C([0.«): CS(Y')') which is the space of continuous mappings from
[0,») into CS(Y')' equipped with the strong topology. Let

¢(S) =¢(S_.S_,....S_). ¢ € S(qu) and L, be an operator such that
n,n, nq 0

o o DPF(S) + DE(S)(b(S)). F€®

1
(L.F)(S) = & trac
0 2 2 ) ¢ (2%

where b(S) = (bi(S)).

By the conditions (V1) and (V2), the equation (5.1) is solved in Vé , SO
0

that S(t) € Vﬁ . Then we have
0]

N AT T T AT LT T AT T N 0 W W 9 Y 1 D
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E[<Ty(¢).>°] ¢ c55n¢u§

o.O.O

(-
and since CO(Y ) is dense in gy'(zd)' Tv(t) is extended to a continuous

(D )-process. We denote the extension by T, .(t).
d ¢,V
$(Z")
By the Ito formula, we get
t
(5.2) Ty(t).¢> - Ty (0).$> = M¢.V(t) + J'O TLO¢.V(S)dS'
where
-172 t 4
My (1) = V779 3 Jo 3 55—9(S, ,;(s).S ,(s).....8 . +1(8))dB . (s).
iev 7 j "n 1 2 J

J

Noticing the independence of Bi(t). i € V and the fact that S(t) € 95 , we have
0

for t € [0,T].

(5.3) E[M¢.v(t)4] <C u¢u:

56 0,1°

O'

Then M¢ V(t) can be extended to a continuous 9(@ )-process and has the

(%)

same regularities that Wiener 2(% }-process has. Conditions (V1)-(V3)

(%)

guarantee that L0 belongs to the class dealt in Corollary. We use the same
notation U(t,s) that represents an evolution operator generated by Lo. Thus

the solution of (5.2) is given as follows:

(Tv(t).¢> =T (s)ds

t
U(e.0), VO + Mg (1) + foMLOU(t,s)¢.v

by the same manner as in the proof of Proposition 1. Hence by (5.3) and the

Kolmogorov test for real Wiener process, we get

EL |<Uy(£)-Uy(s).#>]%] < gl e-s|?

and further

ERE AP A AT AT AT s N f_"-".f'_'.r".-"f ‘.r .r ‘»r iy P » n
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2 2
E[ KU, (t).9>]“] < C {1 + sup IU(t, s)q>n }
v 58" py.0.1 7 (TF, Py.0.3

which proves the tightness in C([O.w);Cg(y')'), [5]. [18]). By the Skorohod
theorem and the usual limiting argument, the limit process N(t) of Uv(t)

satisfies the Langevin equation

t
(5.4) <N(t)-N(0).9> = W¢(t) + IO NLO¢(S)dS'
where N (t) Feg , is the extension of N(t) and W_(t) is a Wiener
d F
$(Z7)
$(2 d )-process [8].

¥ (Z7)

The uniqueness for solutions of the equation (5.4) discussed in Corollary
implies the identification of the distribution of the limit process, ([19].

[20]), which implies that Uv(t) converges to a Gaussian field in

C([0.=):Co(¢")").
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